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Elementary Hexagon

6 Bonds  ---->  64 States ?

                       Only 11 Physical States
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Face Up −−−− > S = +1

Face Down −−− > S = −1

(a) (b) (c) (d) (e) (f)
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Folding Constraints (or Geometric Constraints )

σv ≡
∑

i around v
Si = 0 mod 3 (1)
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Three-Coloring Formulation

R (0), G (1),B (2)

+

-

R

G

B

R G

B
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Ci+1 = Ci + Si mod 3
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After One Turn,

C7 = C1

reduces to

σv ≡
∑

i around v
Si = 0 mod 3
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Regular Triangular Lattice
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Eulerian Randomly Triangulated Surface
2 Faces 4 Faces

6 Faces
1 3

9 3
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Foldability = Eulerian ( Genus = 0)
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Toy Model for Polymer(ized) Membrane:

• Folding of Triangular Lattice

• Constrained Z2 Spin System on the Dual of Triangular

Lattice

• 3-Coloring Problem of Triangular Lattice
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Toy Model for Fluid Membrane:

• Folding of Eulerian Randomly Triangulated Surface

• Constrained Z2 Spin System on its Dual Random Dia-

gram

• 3-Coloring Problem of the Random Diagram

2 Faces 4 Faces

6 Faces
1 3

9 3

15



How to Formulate.

• Matrix Model ?

Difficult and not yet solved

• Decorated Tree

also difficult and under progress

• Mean Field (Cluster Variation) Approach
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2 � �

S

S
i

j

−βH = K
∑

<ij>

~Si · ~Sj (2)
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Triangulated Lattice

Eulerian Random 
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4 Γ
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Γ 

Ns

N

No

H

N  (   )

(   )

(   )

Γ

Γ

Γ

6-valent vertex

8-valent vertex

4-valent Vertex
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Folding of Γ → i = S1, S2, · · · , SN

with the Geometric Constraints

σv ≡
∑

i around v

Si = 0 mod 3

Hamiltonian

−βH(i|Γ) = K
∑

<ij>

SiSj + h
∑

i

Si (3)

K = βJ = J/kBT and h = βH (4)
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NB : Number of Spin-Pairs

NB =
3

2
N

From Euler’s Relation,

NS + NH + NO ' 1

2
N = NF

and the Relation

1

2
(4 × NS + 6 × NH + 8 × NO) = NB

We obtain

NS = NO
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Parameters α, β, γ:

α(Γ) =
NS(Γ)

NF

β(Γ) =
NH(Γ)

NF

γ(Γ) =
NO(Γ)

NF

α(Γ) = γ(Γ) and β(Γ) = 1 − 2α(Γ)

N N
S OHNα β γ
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Probability Distribution

P (i|Γ) =
1

Z(Γ)
e−βH(i|Γ) and Z(Γ) = Trie

−βH(i|Γ)

i = (S1, S2, · · · , SN )

P (i, Γ) = P (i|Γ)P (Γ)

〈A(i)〉 = Tri,ΓP (i, Γ)A(i)
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Entropy S

S = −Tri,ΓP (i,Γ) log P (i,Γ)

= Tri,Γ(−P (i|Γ) log P (i|Γ))P (Γ) − TrΓP (Γ) log P (Γ)

= TrΓ(Sspin[Γ])P (Γ) + SLattice (5)

Energy 〈E〉

〈E〉 = 〈H(i|Γ)〉 = Tri,ΓP (i,Γ)H(i|Γ)

Free Energy F

F = 〈E〉 − S

= TrΓ[Tri(H(i|Γ) − log P (i|Γ))P (i|Γ) − log P (Γ)]P (Γ)

≡ TrΓ(F [Γ] − log P (Γ))P (Γ) (6)
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Cluster Variation Method = Truncation of Entropy

1

N
Sspin[Γ] ≡ − 1

N
TriP (i|Γ) log P (i|Γ)

→ −1

2
Tr1P1A(1) log P1A(1) +

1

2
Tr2P1B(2) log P1B(2)

−3

2
Tr1,2P2(1, 2) log P2(1, 2)

+
1

2
α(Γ)Tr1,2,3,4P4 log P4 +

1

2
β(Γ)Tr1,2,3,4,5,6P6 log P6

+
1

2
γ(Γ)Tr1,2,3,4,5,6,7,8P8 log P8 (7)

Tr1,2 ≡
∑

S1=±1

∑

S2=±1

etc
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P2(1, 2) =
2

3
α(Γ)STr3,4P4(S1, S2, S3, S4)

+ β(Γ)STr3,4,5,6P6(S1, S2, S3, S4, S5, S6)

+
4

3
γ(Γ)STr3,4,5,6,7,8P8(S1, S2, S3, S4, S5, S6, S7, S8) (8)

P1A(S1) = Tr2P2(S1, S2) and P1B(S2) = Tr1P2(S1, S2) (9)

Reduction from P4, P6, P8 to P2

STr3,4P4 =
1

4
Tr3,4(P4(S1, S2, S3, S4) + P4(S3, S2, S1, S4)

+P4(S3, S4, S1, S2) + P4(S1, S3, S4, S2)) (10)
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STr3,4,5,6P6 =
1

6

∑

3,4,5,6

(P6(S1, S2, S3, S4, S5, S6) + P6(S3, S2, S1, S4, S5, S6)

+ P6(S3, S4, S1, S2, S5, S6) + P6(S3, S4, S5, S2, S1, S6)

+ P6(S3, S4, S5, S6, S1, S2) + P6(S1, S3, S4, S5, S6, S2)) (11)

STr3,4,5,6,7,8P8 =
1

8

∑

3,4,5,6,7,8

(P8(S1, S2, S3, S4, S5, S6, S7, S8)

+ P8(S3, S2, S1, S4, S5, S6, S7, S8) + P8(S3, S4, S1, S2, S5, S6, S7, S8)

+ P8(S3, S4, S5, S2, S1, S6, S7, S8) + P8(S1, S2, S3, S4, S5, S6, S7, S8)

+ P8(S3, S4, S5, S6, S1, S2, S7, S8) + P8(S3, S4, S5, S6, S7, S2, S1, S8)

+ P8(S1, S3, S4, S5, S6, S7, S8, S2)) (12)
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f [Γ] ≡ 1

N
F [Γ]

= −3

2
KTr1,2P2(S1, S2)S1S2 −

1

2
hTr1P1A(S1)S1 −

1

2
hTr2P1B(S2)S2

− 1

N
Sspin[Γ]

+λ8(Tr1,2,3,4,5,6,7,8P8(S1, S2, S3, S4, S5, S6, S7, S8) − 1)

+λ6(Tr1,2,3,4,5,6P6(S1, S2, S3, S4, S5, S6) − 1)

+λ4(Tr1,2,3,4P4(S1, S2, S3, S4) − 1) (13)
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Natural Iteration Method (or Variational Equation)

PN (S1, S2, · · · , SN ) = exp(−λN +
K

2

N
∑

i=1

SiSi+1 +
h

3

N
∑

i=1

Si)

× (P2(S1, SN )P2(S1, S2)P2(S3, S2) · · ·P2(SN−1, SN ))
1

2

× (P1A(S1)P1B(S2) · · ·P1A(SN−1)P1B(SN))−
1

3 (14)

with

SN+1 = S1

and

N = 4, 6, 8
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Phase Diagram in (K,α)-Plane

K

α
0.5

Ks Kc

Flat Phase

Phase
Disorder

Folded Phase

Complete Flat Phase

m=1
m =0

0<m<1
m =0

m=0
m >0s s

s

m=0
m =0s

31



Regular Triangular Lattice Case (β = 1)

Config. M MS deg. Ferro. S.B. Antiferro S.B.

+ + + + ++ 6 0 1 Z0 Z0

−−−−−− -6 0 1 Z0 Z0

+ + + −−− 0 2 3 Z1 Z1

−−− + ++ 0 -2 3 Z1 Z1

+ −− + +− 0 2 6 Z2 Z2

− + + −−+ 0 -2 6 Z2 Z2

+ − + − +− 0 6 1 Z3 Z3

− + − + −+ 0 -6 1 Z3 Z3

M =
∑

i Si

MS =
∑

i(−1)i−1Si
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Ferromagnetic S.B. Case :

Introducing x, y as

x =
Z1

√

Z0Z0

≡ Z1

W
Fugacity per Fold

y =
Z0

Z0

Order Parameter (15)

Z0 = Wy
1

2 Z0 = Wy−
1

2 Z1 = Wx Z2 = Wx2 Z3 = Wx3
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Algebraic Relation between x and y as

y =

(

y
1

2 + 2x + 2x2

y
−1

2 + 2x + 2x2

)3(

y
−1

2 + 3x + 6x2 + x3

y
1

2 + 3x + 6x2 + x3

)2

(16)

x = e−2K (x + 4x2 + x3)
(

(y
1

2 + 2x + 2x2)(y
−1

2 + 2x + 2x2)
)

1

2

(17)

Solutions:

• y = 1 : Disordered Phase

x =
2 − u +

√
3 − u − u2

2u − 1
with u = e2K

x = 2 c =< S1S2 >= −1

3
at K = 0

• x = 0 and y =arbitrary : Completely Flat Phase
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Anti-Ferromagnetic S.B. Case :

Introducing x, y as

x =

√

Z1Z1

Z0

Fugacity per Fold

y =
Z1

Z1

Order Parameter (18)

Z1 = Wy
1

2 x Z1 = Wy−
1

2

Z2 = Wy
1

2 x2 Z2 = Wy−
1

2 x2

Z3 = Wy
3

2 x3 Z3 = Wy−
3

2 x3 (19)
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Algebraic Relation between x and y as

y =
xy

1

2 + 3x2y
1

2 + x2y−

1

2 + x3y
3

2

xy−

1

2 + 3x2y−

1

2 + x2y
1

2 + x3y−

3

2

(1 + 2xy−

1

2 + xy
1

2 + 2x2y
1

2 + 4x2y−

1

2 + x3y−

3

2

1 + 2xy
1

2 + xy−

1

2 + 2x2y−

1

2 + 4x2y
1

2 + x3y
3

2

)
2

3

(20)

x = e−2K
(xy

1

2 + 3x2y
1

2 + x2y−

1

2 + x3y
3

2 )(xy−

1

2 + 3x2y−

1

2 + x2y
1

2 + x3y−

3

2 )

1 + xy
1

2 + xy−

1

2 + x2y
1

2 + x2y−

1

2

(21)

Solutions:

• y = 1 : Disordered Phase

• y = 1 + ε : Folded (Antiferromagnetic) Phase

x3

st − 21x2

st − 12xst − 4 = 0

Kst = −0.2838 · · ·
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Phase Transitions
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c =< S1S2 >

-1

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

-0.5 -0.4 -0.3 -0.2 -0.1  0  0.1  0.2  0.3  0.4  0.5
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<

S
1S

2>

K

’c_H.d’
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Phase Diagram:

Mst =0
M=-1

Mst =0Compactly 
Ordered
Folded
Phase

Mst >0
M=0

Mst =0
0.2 0.4 0.6

-0.5

-1.0

-1.5

1.0

0.5

1.5

K

h

M=+1

M=0

Phase
Folded 
Disordered

Completely Flat Phase

Completely Flat Phase

Kc

M.Cirillo, G.Gonella and A.Pelizzola (’95)

Ph. Di Francesco, E.Guitter and S.Mori (’96)
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Local Excitation

Flat Config. Piled Config.

+
++

+
+

+
+

+
+

+
+

+

+

+

+ +

++ +

- -

--

- -

-

    -   ---> +
    +  ---> -

Local Spin Flip

Impossible Possible
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Exact Results

Entropy or Number of States NS for N Triangles:

NS ∼ qN > 2
1

6
×N

q =

√
3

2π
Γ(1/3)

3

2 = 1.208717 · · ·

Ph. Di Francesco and E.Guitter (’94)

qCV M = 1.2019
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Pure 4-valent Veretx Case (α = 1)

Config. M MS deg. Antiferro S.B.

+ + −− 0 0 4 Z0

+ − +− 0 4 1 Z1

− + −+ 0 -4 1 Z1

M =
∑

i Si

MS =
∑

i(−1)i−1Si
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-
4 11
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AntiFerromagnetci S.B.
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Introducing x, y as

x =

√

Z1Z1

Z0

≡ Z1

W
Fugacity per Fold

y =
Z1

Z1

Order Parameter (22)

Z1 = Wxy
1

2 Z1 = Wxy−
1

2

y =
(1 + xy

1

2 )2(2 + xy−
1

2 )
4

3

(1 + xy−
1

2 )2(2 + xy
1

2 )
4

3

(23)

x = e−2K(1 + xy
1

2 )(1 + xy−
1

2 ) (24)
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Solutions:

• y = 1: Disordered Phase

x =
e−2K

1 − e−2K

Z0 =
1 − e−2K

4 − 2e−2K

Z1 = Z1 =
e−2K

4 − 2e−2K

c = < S1S2 >= −2 × Z1 (25)

• y = 1 + ε does not have Real Solution for K

No Folded (Antiferromagnetic) Phase. Always Disorderd.
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Z0 and Z1
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0.35

0.4

0.45

0.5

-0.5 0 0.5 1 1.5 2 2.5

(1-exp(-2*x))/(4-2*exp(-2*x))
(exp(-2*x))/(4-2*exp(-2*x))

0.5

47



Pure 8-Valent Vertex Case (γ = 1)

Foldable

8 Bonds

43 States
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Config. M deg. Ferro. S.B.

+ + + + + + +− 6 8 Z0

+ −−−−−−− -6 8 Z0

+ + + + −−−− 0 8 Z1

+ + + −−− +− 0 16 Z2

+ + −− + + −− 0 4 Z3

+ −− + + + −− 0 16 Z4

+ − + + − + −− 0 8 Z5

+ + − + − + −− 0 16 Z6

+ − + − + − +− 0 2 Z7

M =
∑

i Si

MS =
∑

i(−1)i−1Si
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Ferromagnetic S.B. Case :

Introducing x, y as

x =
Z2

√

Z0Z0

≡ Z2

W
Fugacity per Fold

y =
Z0

Z0

Order Parameter (26)

Z0 = Wy
1

2 Z0 = Wy−
1

2

Z1 = W Z2 = Wx

Z3 = Wx Z4 = Wx

Z5 = Wx2 Z6 = Wx2

Z7 = Wx3 (27)
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Algebraic Relations between x and y

y =

(

4x2 + 9x + 6y
1

2 + 3

4x2 + 9x + 6y−
1

2 + 3

)3(

x3 + 12x2 + 18x + 7y
1

2 + y−
1

2 + 4

x3 + 12x2 + 18x + 7y−
1

2 + y
1

2 + 4

)2

x =
1

u
× x3 + 8x2 + 9x + y−

1

2 + y
1

2 + 1

(4x2 + 9x + 6y
1

2 + 3)
1

2 (4x2 + 9x + 6y−
1

2 + 3)
1

2

(28)

Disorderd Phase (y = 1)

x =
1

u

3 + 9x + 8x2 + x3

9 + 9x + 4x2
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Phase Transitions
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c =< S1S2 >

-1

-0.8
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Phase Diagram

K

h

Folded

K c

Flat

M =0s

Flat

M s=0

M=0

Ms >0

Disorder

M=0
Ms=0

-0.3 0.68

MM

M

>0

<0
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General Case (α = γ)

N N
S OHNα β γ

• 4-valent Vertex → (Strong) Anti-Ferro.

• 6-valent Vertex → Not-Frustrated, (Weak) Anti-Ferro.

• 8-valent Vertex → Frustrated
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Algebraic Relations for the Disordered Phase (M = MS = 0)

Introducing x (Fugacity per Fold) as

x =
1

u

P2(1,−1)

P2(1, 1)

All weights are written with ZS
0 , ZH

0 , ZO
0 and x as

ZS
1 = ZS

0 x

ZH
1 = ZH

0 x ZH
2 = ZH

0 x2 ZH
3 = ZH

0 x3

ZO
1 = ZO

0 ZO
2 = ZO

0 x ZO
3 = ZO

0 x ZO
4 = ZO

0 x

ZO
5 = ZO

0 x2 ZO
6 = ZO

0 x2 ZO
7 = ZO

0 x3 (29)

with

ZS
0 (4+2x) = 1 ZH

0 (2+6x+12x2+2x3) = 1 ZO
0 (24+36x+24x2+2) = 1
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From

P2(1, 2) =
2

3
α(Γ)STr3,4P4(S1, S2, S3, S4)

+ β(Γ)STr3,4,5,6P6(S1, S2, S3, S4, S5, S6)

+
4

3
γ(Γ)STr3,4,5,6,7,8P8(S1, S2, S3, S4, S5, S6, S7, S8) (30)

We obtain

x =
1

u

2

3
α 1+x

4+2x
+ β x+4x2+x3

2+6x+12x2+2x3 + 4

3
α 3+9x+8x2+x3

24+36x+24x2+2x3

2

3
α 1

4+2x
+ β 1+2x+2x2

2+6x+12x2+2x3 + 4

3
α 9+9x+4x2

24+36x+24x2+2x3

(31)
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Ferromagnetic Phase Transitions
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Antiferromagnetic Phase Transitions
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Phase Diagram in (K,α)-Plane

K

α
0.5

Ks Kc

Flat Phase

Phase
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Folded Phase

Complete Flat Phase
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s
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2.1 Future Problem

• Generation of Γ and more elaborate Free Energy

P (Γ)?

• Geometric Properties ( Monte Carlo, Paralel-Tempering)

Even Pure Case is non-Trivial

Today’s Topic is in

Phase Transitions of the Randomly Triangulated Surface, S.Mori (in Preparation).
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