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Elementary Hexagon

6 Bonds ----> 64 States ?

Only 11 Physical States







Face Up >S5 =41
Face Down > 5 =—1




Folding Constraints (or Geometric Constraints)

Oy

> S, =0mod 3 (1)

1 around v



Three-Coloring Formulation
R(0), G(1).B (2




Cio1 =0+ S5, mod 3
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After One Turn,

Cr; =}

reducesto

Oy = }: E% = (O mod 3

1 around v
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Regular Triangular Lattice

INONINAN/
NN/
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Eulerian Randomly Triangulated Surface

2 Faces 4 Faces
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Foldability = Eulerian ( Genus = 0)
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Toy Model for Polymer(ized) Membrane:

e Folding of Triangular Lattice

e Constrained Z, Spin System on the Dual of Triangular
Lattice

e 3-Coloring Problem of Triangular Lattice
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Toy Model for Fluid Membrane:

e Folding of Eulerian Randomly Triangulated Surface

e Constrained Z; Spin System on its Dual Random Dia-
gram

e 3-Coloring Problem of the Random Diagram
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How to Formulate.

e Matrix Model ?
Difficult and not yet solved
e Decorated Tree
also difficult and under progress
e Mean Field (Cluster Variation) Approach
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f 5> Eulerian Random
/ 3\

Triangulated Lattice

X/
AAW |
AN



@F Ns(F)
= Nu(n)

6-valent vertex

@Bg No«r')




FoldingofI' — ¢=.5,59,---,5N

with the Geometric Constraints

o, = Y S;=0mod 3

1 around v

Hamiltonian

—OHGIT) = K 3 Si8;+h3S (3)

<17>

K =p3J=J/kgT and h=p3H (4)
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Npg : Number of Spin-Palirs
Np==-N
From Euler’s Relation,
Ng+ Npg 4+ No ~ ;N:NF
and the Relation
;(4>< Ng+6 x Ng+8x Np)= Np
We obtain

Ng = No
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Parameters «, (3, :
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Probability Distribution

1
Z(I')

P(i|l) = — e MDD and  Z(I') = Trje #H0)

i = (81,59, -+,SN)
P(i,T') = P(i|l") P(T")

(A(7)) = Tryr P (i, T) A(7)
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Entropy S

S = —TrirP(i,T)log P(i,T)
— Tr; p(— P(il1) log P(i1)) P(T") — Trp P(T) log P(T)
= Trp(Supin T P(T) + Spatic (5)

Energy (F)

(E) = (R(i|T)) = Trip P(¢, D) (T

Free Energy F
F=(F)—S
= Trp[Tr;(H(|T) —log P(i|T")) P(¢|I') — log P(I') | P(T)
= Trp(F[I'] — log P(I')) P(I") (6)
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Cluster Variation Method = Truncation of Entropy

1 1 | .
~Sopinll] = = TrsP(i|T") log P(i[[)

1 1
- —§TI”1P1A(1) log Pra(1) + §TI‘2P13(2) log P15(2)

3
—§rI‘I'1,QP2(1, 2) lOg Pg(l, 2)

1 1
—|—§Cy(F)TI'1 234 log Py + 55( )TF1,2,3,4,5,6P6 log Fs
1
+§7(F)TI“1,2,3,4,5,6,7,8P8 log Py (7)
Try, = Z Z etc
=41 So=
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2
P2(17 2) — g@(F)STTSAPzL(Sl, S2, 93, 54)
=+ ﬁ(F)STr3,4,5,6P6(Sla 527 S37 547 ‘957 SG)
+ _V(F)STI.345678P8<317327337347357367377SS> (8)

77777

Pi4(51) = TraP(51,52) and Pyp(S;) = Tri (51, S2) 9)

Reduction from Py, Py, Ps to P

1
STr3,4P4 — ZTr3,4(P4<Sla SQ? SS7 S4> + P4(SS7 SQ) Sh S4>

+ Py (S3, Sy, S1,5) + Py(51, 53,54, 52)) (10)
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1
STrs 456 = 6 Z (Ps(51, 52, 55,54, 55,56) + Fs(Ss, 52,51, 54, S5, S6)

3,4,5,6

+ PG(S?)? S47 Sh SQ? S57 Sﬁ) + P6<S37 S47 S57 SQ? Sl7 Sﬁ)
=+ P6(537 547 ‘957 567 Sla SQ) + P6(Sla S37 547 ‘957 567 S2)) (11)

1
STr345678P8 — é Z (PS(Sla527‘937547‘957567577SS)

3,4,5,6,7,8

+ P5(Ss3, 52,51, S4, S5, 56, 57, Ss) + Ps(Ss3, Sy, S1, .52, S5, S6, S7, Ss)
+ Ps(S3, 54, 55,52, 51, S6, S7,.58) + Ps(S1, 52, 53, 54, S5, Sg, S7,98)
+ Ps(S3, S4, S5, S6, S1, 52, 57, 58) + Ps(S3, S4, S5, S¢, S7, 52,51, Sg)
+ Ps(S1, S3, 94, S5, Sg, S7, 58, .92)) (12)
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3 1 1
—§KT‘I'172P2(51, 32)5132 — §hrI‘I'1P1A(Sl)Sl o §hTr2plB(SQ)SQ

1
N
+As(Tr12345678F5(51, 52,53, 54,55, 5, 57,53) — 1)

(
+X6(Tr1.23456F(51, 52,55, 54,55,5) — 1)
—|_)\4(r:[‘r1,2,3,4p4(517 527 S37 54) _ 1) (13)

S spin [F]
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Natural Iteration Method (or Variational Equation)

K& h &
Pn(S1, 82, -, Sn) = exp(—An + B} > SiSiy1 + 3 > S
1=1 =1

N|—

X (P2(Sla SN)P2(517 SZ)P2(537 52) v PZ(SN—la SN))

X (Pia(S1)Pip(S2) -~ Pra(Sn_1)Pip(Sy)) "3 (14)
with
SN41 = S1
and
N =4,6,8
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Phase Diagram in (K, «)-Plane

.......................... 05 R E ST PP PPRTRTYS
|
Folded Phase /' Flat Phase
m=0 /o 0<m<1
m5>0 /// : mS—_O
bisorderl
_——"”” / Pha% :
e - l \ > K
Ks ) Kc
Complete Flat Phase
m=0 m=1
m&0 mg0
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Regular Triangular Lattice Case (5 = 1)

Confi g. M | Ms | deg. | Ferro. S.B. | Antiferro S.B.
++++++| 6| 0 1 Zo Zo
—————— 6| O 1 Zo Z
+++—-——10 2 3 Z1 Z
———4+++ ] 0| -2 3 71 A
+—-——4++—1] 0| 2 6 Z Z
-++—-—+ 0| -2 | 6 Zs Zy
+—-4+-+—] 0] 6 | 1 Z3 73
—+—-+—-—+] 0] 6| 1 73 Z3

M = Zz' Si

Mg = S,(—1)i715;
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Ferromagnetic S.B. Case .
Introducing x, y as

Z Z .
r=-——_ =21 Fugacity per Fold
7070 |44
Zo
y = —  Order Parameter (15)
Zo

Zo=Wyz Zo=Wy 2 Z, =Wz Zy=Wa? Zs=W2
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Algebraic Relation between = and y as

<y§+2x+2x2 >3<y21 +3:z:+6x2+:1:3>2
y = | =
y71—|—2517+2x2 y? + 3z + 622 + 2

4 2 3
2K (z + 4z° + 27) : (17)

((y% + 22+ 222)(y T + 22+ 2x2)> 2

(16)

Solutions:

e y = 1: Disordered Phase

_2—u+\/3—u—u2
B 2u — 1

with o = 28

X
1
T =2 c:<Sng>:—§ a K =0
e x = (0 and y =arbitrary : Completely Fat Phase
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Anti-Ferromagnetic S.B. Case:
Introducing x, y as

x = Fugacity per Fold

y = —  Order Parameter (18)

x (19)
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Algebraic Relation between = and y as

1Yz + 3x2y7 + 22y~ + 23y? (1 +22y7 7 + 2y + 222y + 4oy~ + :E?’y_%)?

. Ty”7 + 322y 2 +22y7 + 28y 2 \ 1+ 20y? 4+ xy 2 + 222y~ ¢ + 4oy + 23y?
(20
1 2 1 2 _1 3 3 1 2 _ 1 2 1 3 _3
eyt raeyd ety sty ey 1 3a2y eyl 4ty )
142y +zy~ 2 4+ 22yz + 22y~ 2
(21
Solutions:

e y = 1 : Disordered Phase
e y = 1+ ¢: Folded (Antiferromagnetic) Phase

x5, — 212%, — 1224 — 4 =0

Kg = —0.2838---
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Phase Transitions

T

’ms_H.d’ .

'm_H.d’

T

===

1

0.8
0.6
04 r
0.2
0

SIN pue N

0.3 0.4 0.5

0.2

0.1

-0.4 -0.3 -0.2 -0.1

-0.5
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C =< Sng >

'c_ H.d

T T T T T T T T T T T T T T T Y Y S A1
SIS L B L L L L L L L L L

4
|

it

0.8

0.6

04

0.2

<¢STS>=9

-0.2 |

0.4 |

-0.6 |

-0.8 |

-1

0.3 0.4 0.5

0.2

0.1

-0.4 -0.3 -0.2 -0.1

-0.5
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Phase Diagram:

Compactly
Ordered

Folded
Phase

- 15

Completely Flat Phase

- 1.0 M:+1

Mg =0

M=0
M§>O

“Completely Flat Phase
M=-1
M =0

— -1.0

-15

M.Cirillo, G.Gonellaand A.Pelizzola (' 95)
Ph. Di Francesco, E.Guitter and S.Mori (' 96)
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Local Excitation
Flat Config.

Piled Config.

A

lmpossible

Local Spin Hip
+ > -
- >+

Possible
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Exact Results
Entropy or Number of States Ng for NV Triangles:

Ng ~ ¢V > 257N

3 3
q = £F(1/3)5 = 1.208717 - - -
2m
Ph. Di Francesco and E.Guitter ('94)
qovm = 1.2019
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Pure 4-valent Veretx Case (o = 1)

Confi g. M | Ms | deg. | Antiferro S.B.
+4+—10 0 4 Z0
+—+—10 4 1 A
-+—+| 0] 4| 1 Z1

M=3%,5;
Mg =>;(=1)"""S,
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AntiFerromagnetci S.B.




Introducing z, y as

B \/le:é

x = T Fugacity per Fold

A
y = ?1 Order Parameter (22)
1

N|—

1= W:z:y% 7= Way~

1+ 2y2)2(2 + zy~2)3

Y= ( _)1(2 l)é (23)
(1+oy 522+ ayh)’

v =e (14 ay2)(1 + 2y ~2) (24)
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Solutions:

e y = 1: Disordered Phase

o—2K
e 1 — e 2K
1 — —2K
A
4 — 2e—2k
- o—2K
A,
! L™ ) _9e—2K
c=< Sng >= —2 X /[ (25)

e y = 1+ e does not have Real Solution for K

No Folded (Antiferromagnetic) Phase. Always Disorderd.
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20 and Z;

0.5

T
0.45

(1-exp(-2*X))/(4-2*exp(-2*x)) ——
(exp(-2*x))/(4-2*exp(-2*X))
05

0.4

0.35

0.3

0.25

0.2

0.15

0.1

0.05
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Pure 8-Valent Vertex Case (v = 1)

Foldable

43

-
-/ ~

/
\ /
\ /
\ /
\ /
~ \
~ / //
\\ \ / //
~ o \/ _ -
~ o \ _ -
> €

8 Bonds

43 States



M =325

Confi g. M | deg.| Ferro. S.B.
+++++++—1] 6 8 Z0
+————— -6 Zy
++++-——— 10 7
+++—-———+—| 0 | 16 Z
++—-——++— ] 0| 4 73
+—-—++4+—-—1 0| 16 Z4
+—-++—-—+-—10 8 Zs
++—-—+—-—+4+——1] 0] 16 Zg
+—4+—-+—+—] 0| 2 7y

Mg = 32;(=1)"71S;
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Ferromagnetic S.B.
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Ferromagnetic S.B. Case .
Introducing x, y as

A .
r=-——=_ =22 Fugacity per Fold
ZoZy W
Z
y= =2 Order Parameter
2y
Zo=Wyr Zy=Wy 2
/1 =W Zy,=Wgx
Zs=Wx Zis=Wx
Zs =Wa?  Zg = Wa?
Z7 — WCCS

ol

(26)

(27)



Algebraic Relations between x and y

<4x2+9x+6y%+3 >3<x3+12x2+18x+7y%+y%+4>2
y:

4:132+9x+6y_%—|—3 x3+12x2+18x+7y_%+y%+4
23+ 822+ 9z 4+ y 2 4y + 1

1 1 1 (28)
(422 + 92 + 6y2 + 3)2 (422 + 9z 4+ 6y~ 2 + 3)

1
T = — X
U

N

Disorderd Phase (y = 1)

_l3+9:1:+8x2+a:3
w94 91 + 4a2

X
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Phase Transitions

T

'm O.d’

’ms_O.d’ I

1 1 1 1 1
™~ © 0 < ™
o o o o o

09
0.8

SIN pue N

0.2
0.1
0

0.6 0.8

0.4

0.2

-0.6 -0.4 -0.2

-0.8
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C =< Sng >

0.8

0.6

04

<¢STS>=9

1 1
N <
Q@ Q@

-0.6 |

-0.8 |

0.8

0.6

0.4

0.2

-0.2

-0.4

-0.6

-0.8



Phase Diagram

Folded

Flat

M >0
M =0

-0.3

Ms>0

M=0
M &0

Flat



General Case (o = )

e 4-vaent Vertex — (Strong) Anti-Ferro.
e G-valent Vertex — Not-Frustrated, (Weak) Anti-Ferro.
e 3-valent Vertex — Frustrated
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Algebraic Relations for the Disordered Phase (M = Mg = 0)

Introducing = (Fugacity per Fold) as

1 Py(1,—1)
r = —
Uu P2(1,1)

All weights are written with 77, Z1 . Z§ and z as
70 = 7w
71 =7y 73 =702* ZF = Za?
70 =20 79 =70z 79 =702 29 =2%x
79 =282 79 = 7Z8x* 79 = 7§ 2P (29)

with
Z5(4+22) =1 Z7 (2+46x+1202+22°%) = 1 Z5 (24436242427 +2) = 1

Y



From

2
P2(17 2) — g&(F)STI'SAPzL(Sh S2, 53, 54)
=+ ﬁ(F)STr3,4,5,6P6(Sla 527 S37 547 ‘957 SG)
4
+ =v(I")STr3 456,78 (51, 52,53, 54, S5, S6, 57, 55) (30)

77777

3
We obtain
2 1+x z+4x 4 4 3+9x+8z2% 43
p = l 37 44+2x T B2—|—6a:—|—12x2—|—23:3 T 3&24+36w—|—24x2—|—2:c3 (31)
oy 2 oL 4 5 1+2x+2x2 4 4. 9+9x+4x2
374422 2+6x+12x2 4223 24+36x+24x2 4223
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Ferromagnetic Phase Transitions

i

09 r
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Antiferromagnetic Phase Transitions

Antiferromagnetic Transitions

I ’ms.OO.d’I _

09

08 [

mand m_s
o o o
(6] (@] ~
1 1 1

o
~
T

©
w
T

0.1 [
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mandm s

Antiferromagnetic Transitions
0.2

! | | | |
1‘ 'ms.00.d ——
: 'ms.005.d" -------
'. + 'ms.025.d’ +
| 'ms.035.d° X
! xR 'ms.05.d>
0.15 | ',‘ AR .
| %
1 X
| ¥
| -
ll KK
0.1 l\ + X -
0.05 |
0
-0.3
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Phase Diagram in (K, «)-Plane

0
.......................... o
|
Folded Phase /' Flat Phase
m=0 /o 0<m<1
m5>0 /// : mS—_O
bisorderl
_,—””” / Pha% :
e l \\ > K
Ks J Kc
Complete Flat Phase
m=0 m=1
m&0 mg0
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2.1 Future Problem

e Generation of I' and more elaborate Free Energy
P(T")?

e Geomeltric Properties ( Monte Carlo, Paralel-Tempering)
Even Pure Case is non-Trivial

Today’s Topicisin
Phase Transitions of the Randomly Triangulated Surface, S.Mori (in Preparation).
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